Supervised Classification

rabbit

Slides are from Yuri Boykov, Olga Veksler (UW) and Y. LeCun (Facebook)



Supervised Classification (outline)

* Intro to Machine Learning (ML) for simplicity, discussed

in the context of linear classification

- ML types: supervised, unsupervised, reinforcement learning
- Learning quality: overfitting, underfitting, generalization
- Traming and Testing
- Loss functions: quadratic, cross-entropy
- Optimization by gradient descent, learning rate, SGD, batches
- Towards non-linear classification

- multi-layered neural networks (NN)

* Convolutional Neural Networks (CNNs)

Convolutional and pooling layers

ReL U, drop-out, normalization, batch-normalization, etc
Weights regularization

Optimization by backpropagation

non-linear classification



Intro to Machine Learning (ML)

* supervised linear classification
- perceptron, single layer NNs

e towards non-linear classification
- multi-layer NNs



Example: supervised digit recognition

« Easy to collect images of digits with their correct labels

0 s 0700000000

1 s A AN

o S 2 ARILZRIEZR

3 — IBRREBEERBER :
known 4 — AN AT 1mage
labels 5 - EENHEGEEEREG data

6 s ARAARRERAK

7 — dkdE1dFARFaF AR

8 - ¢t 778 ¢ 82 1¢

9 — 99994994499

* ML algorithm can use collected data to produce a program
for recognizing previously unseen images of digits

0 — o Y — 4

automatically automatically

produced label new image produced label

new image



Types of Machine Learning

focus of this topic

Supervised Learning

 given training examples with corresponding correct outputs, also
called label, target, class, answer, etc.

» |earn to produces correct output for a new example

Unsupervised Learning
« given unlabeled training examples
find good data representation and “natural” clusters

« K-means is the most widely known example
» weak-supervision allows partially labeled training examples

* unsupervised deep learning

Reinforcement Learning
 learn to select action that maximizes payoff



Subtypes of supervised ML

focus of this topic
 Classification

— output belongs to a finite set
— example: age € {baby, child, adult, elder}
— output is also called class or label

 Regression
— output is continuous
— examples: age € [0,130], pixel disparity € [0,20],

 Difference mostly in design of loss functions



Supervised ML

« Have training examples with corresponding outputs/labels
* For example: fish classification - salmon or sea bass?

eature 3.3 6.3 2.3 6.4 ay, individual
/ =) X'= X% = X3 = x* = & features X}
vector 5.7 8.7 1.7 7.0 k
e.g. fish length
and brightness
salmon sea bass salmon sea bass
1= 2— 3 = 4—
y'= y-=1 y°=0 y*=1

« Each example should be represented by feature vector x
« data may be given in vector form from the start
» if not, for each example i, extract useful features, put them as a vector

» fish classification example:
- extract two features, fish length and average fish brightness
(can extract any number of other features)
- for images, can use raw pixel intensity or color as features

« y' is the output (label or target) for example x’



Supervised ML

 We are given

1. Training examples x', x2,..., x"
labeled data
2. Target output for each sample yi, y?,..., y"

* Training phase
- estimate function y = f(x) from labeled data

where f(Xx) is called classifier, learning machine, prediction function, etc.

« Testing phase (deployment)
« predict output f(x) for a new (unseen) sample x



Training/Testing Phases lllustrated

Training

ﬁaining exampleh [ training ]

0Z000d0000c labels
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Testing

feature Learned " label
L, ‘[ vector ]‘[ modelf] prediction]

test Image




Training phase as parameter estimation

Estimate prediction function y = f(x) from labeled data

Typically, search for f is limited to some type/group of
classifiers (“hypothesis space’) parameterized by weights w
that must be estimated

£(x) or f(w.x)

Goal: find classifier parameters (weights) W so that f(w,x!) = y!
“as much as possible” for all training examples,
where “as much as possible” is defined by
a loss function L(y,f) penalizing f(w,x!) #y!

W= arg minw Z‘i L(yia f(W,Xi))




Linear classifier example: perceptron
Frank Rosenblatt, 1958

m-dimensional

. inspired by neurons
feature vector x! ¢ R™
with m components

RS f(w,x!)
i} //'@*—’@ “bias”
S B @ﬂ@s >

co\

lor0
T — N ——

N abe
- N @ /Veighted binary

here and later \ sum  decision

sub-indices are for

feature components \ more on the next slides

while S |
super-indices are for NOTE: for simplicity, we omit

data points (feature vectors) Super-}ndlces (or subjlndlces)
assumine the context i1s “‘clear”

| > (sign function)




Linear classifier example: perceptron

For two class problem and 2-dimensional data (feature vectors)

4 Xi consider some
X o O . .
2 o 99 o linear transformation
. © o o from 2D space to 1D
Y ® ints of
o o _|_ _|_ pOln
o o °© o WoTWiX1TW2Xy two classes
o 0o
] o can be
® o X ® o
o o o completely
e o o o mixed
® [ ) [ )
[ ) [ )
o x1
Question:

Is 1t possible to find a linear transformation onto 1D so that
transformed 1D points can be separated (by a threshold)?



Linear classifier example: perceptron

For two class problem and 2-dimensional data (feature vectors)
NOTE

can always shift
threshold to 0

A (414 d)’
X . 850 . using weight wy
2 linear transformation
from 2D space to 1D
o . . good
WoTWiXTW3X, 0 separation
° by simple
threshold
o
Answer:

In this case, YES, because the data is linearly separable
in the original feature space. So, what 1s the transformation?



Linear classifier example: perceptron

For two class problem and 2-dimensional data (feature vectors)

A “gOOd,’
X2 linear transformation
from 2D space to 1D

o . . good
WoTWiXTW3X, 0 separation
° by simple
threshold

o
(wWy,w,) — are the coordinates of the normal
wo — 1s “bias” (shifting threshold to 0)
Answer: '

This 2D — 1D linear transformation 1s a projection onto the
normal of the separating hyper-plane.



Linear classifier example: perceptron
For two class problem and 2-dimensional data (feature vectors)

A “gOOd,’
X2 linear transformation
from 2D space to 1D d
o goo
%
WT)_'_WIXI_'_WEXZ 0 separation

by simple
:> threshold

(wWy,w,) — are the coordinates of the normal
— 18 “b1as” (shifting threshold to 0)

Wy

In fact, any 2D — 1D linear transformation w = (wy,w{,w,) 1s
a projection onto normal of some hyper-plane. So, original

question really asks if there 1s a hyper-plane separating data.



Linear classifier example: perceptron

For two class problem and 2-dimensional data (feature vectors)

<
4 “good”
X2 linear transformation
H(1) label
. o from 2D space to 1D ood
% % 0“‘ g
o WoTWiX TW3X, = ( separation
° o 3 :
by simple
° ’ threshold
@ ] @
o W0 + W1X1 J;W2X2.< 0 >@ label
e o
v
thresholding f _ 4+ 4+
(W.X) = u (WotwX;1W)X;) f(w,x) € {0,1}
can be formally
repre.se.nted by this 1 u(t) . P (1 ift>0
prediction function . unit step function u(t) := 0 O
» ¢ (a.k.a. Heaviside function)




Linear classifier example: perceptron

For two class problem and 2-dimensional data (feature vectors)

decision boundary

Can use this function to
classify any (new) point.

« Can be generalized to feature vectors x of any dimension m :
fV, X)) =u(W'X) for WT = [wo, wi,...,wy,] and X7 =[1,x1,Xa2, ..., Xm]

(13 84 ”» .
bias homogeneous representation

- Classifier that makes decisions based on linear ~ ®™ever>
combination of features is called a linear classifier



Linear Classifiers

bad w better w

Xo

o

[ )
[ ) ® ® [ )

[ ) ® [ ) x1
classification error 38% classification error 4%
projected points onto projected points onto

normal line are all mixed-up normal line are well separated



Underfitting

For some types of data
no linear decision boundary
can separate the samples well

e Classifier underfits the data if it can produce decision
boundaries that are too simple for this type of data

- chosen classifier type (hypothesis space) is not expressive enough

19



More Complex (non-linear) Classifiers

for example, if f(w,x) is a polynomial of high degree
can achieve 0% classification error

20



More Complex (non-linear) Classifiers

The goal is to classify well on new data
Test “wiggly” classifier on new data: 25% error



Overfitting

« Amount of data for training is always limited

« Complex model often has too many parameters
to fit reliably to limited data

« Complex model may adapt too closely to “random noise”
In training data, rather than look at a “big picture”



Overfitting: Extreme Example

- Two class problem: face and non-face images
- Memorize (i.e. store) all the “face” images

- For a new image, see if it is one of the stored faces

« if yes, output “face” as the classification result
* If no, output “non-face”

problem:

 zero error on stored data, 50% error on test (new) data
 decision boundary is very irregular

Such learning is memorization without generalization

slide is modified from Y. LeCun



Generalization

training data new data

Ability to produce correct outputs on previously unseen examples
is called generalization

Big question of learning theory: how to get good generalization
with a limited number of examples

Intuitive idea: favor simpler classifiers

e William of Occam (1284-1347): “entities are not to be multiplied without necessity”

Simpler decision boundary may not fit ideally to training data but
tends to generalize better to new data



Training and Testing

How to diagnose overfitting?

Divide all labeled samples x1,x2,...,x" into
training set and test set

- Use training set (training samples) to tune weights w

- Use test set (test samples) to check how well classifier
with tuned weights w work on unseen examples

Thus, two main phases in classifier design are:
1. training
2. testing 25



Training Phase

Find best weights w™ such that f(w,x!) =y
“as much as possible” for training samples x

w' = argmin Z L(y*, f(w,x"))
1€train \

\

loss function L(y,f) penalizes
whenever y* # f(w, x")

Iverson
brackets

-e.g.if L(y,f) = |y # f] then the loss counts classification errors

- classification error on training data 1s called training error



Testing Phase

- The goal is good performance on unseen examples

- Evaluate performance of the trained classifier f(w,x) on the
test samples (unseen labeled samples)

- Testing on unseen labeled examples is an approximation of
how well classifier will perform in practice

- If testing results are poor, may have to go back to the training
phase and redesign f(w,x)

- Classification error on test data is called test error

- Side note
“deploying” the final classifier f(w,x) in practice is also called testing



Underfitting — Overfitting

underfitting “just right” overfitting

e high training error e |ow training error e |ow training error
e high test error e J|ow test error e high test error



One can have more-complex or less-complex linear classification methods
Examples:

f(w,xi)

ﬁ
label

G

perceptron for binary classification of 2D feature vector

weighted binary
sum decision

f(w,x')
lor0Q
~
label
weighted binary
sum decision
= R3 X HxW+1

perceptron for binary classification of
feature vector representing whole RGB image

can be interpreted as “fully connected” one-layer binary NN

x! ¢ R¥*HxW  NOTE: both perceptrons are still linear classifiers



Training requires optimization of
Loss Function

single example loss

w* = argmin S Ly f(w,x")

prediction on example x!

\iGtrain }
|

L(w)

total loss

NOTE: our loses are multi-variate functions

w=(w', wl w2, .. wn)



quick overview:

optimization of multi-variate functions
via
Gradient Descent



Optimization of continuous differentiable functions

How to minimize a function of a single variable
2
flx) = (x —5)
- From calculus: take derivative and setitto O
d
%f(ﬂ?) =0
- May find a closed form solution, as in the simple example above
dx
In practice, more often cannot find a closed form solution
and need to solve numerically.

Particularly true for complex multi-variate functions.




Multi-variate functions

Differentiation

Remember some slides from topic 3

What 1s “slope” of L(x;Xx,) at a given point X=(x;,x,)?



Multi-variate functions

Differentiation

Remember some slides from topic 3

“heat-map” visualization of L

domain of L(x,x,) in R’

80

range of

Y 99 . . . L(XI’XZ)
What is “slope” of L(x;,x,) at a given point X=(x,,x,)?



Multi-variate functions

Differentiation

Remember some slides from topic 3

“partial” derivatives

“heat-map” visualization of L

domain of L(x,,x,) in R’

oL : (L(flfl +€,x0) — L(;El,@)) lﬁ0
— = lim -
856'1 e—0 €
X o
8_L — lim L(xlaxQ ‘|‘€) _L(:Elng) Oz1 |
8332 B e—0 € VL o
vector!
gradient [ oL X;
ox
VL = [ 6_Ll ]
o> range of
direction of the steepest Lex)

ascent at point x=(x,,x,)



Multi-variate functions

Differentiation

The most common optimization “heat-map” visualization of L
method for continuous differentiable

(multi-variate) functions: domain of L(x,,x,) in R’

osradient descent

takeastep X =x —a VL X2
towards lower values
of the function

negative
gradient

range of
direction of the steepest L(x;,x5)

descent at point x=(x,,x,)



Multi-variate functions

Gradient Descent

Example: for a function of two variables
 L(x,x))

»

= oL
X . _ 8:131
VI - { o }
xZ 8:[32
- direction of (negative) at point x=(x,,x,) is direction

of the steepest descent towards lower values of function L .

- magnitude of gradient at x=(x,,x,) gives the value of the slope



Multi-variate functions

Gradient Descent

Example: for a function of two variables
 L(x,x))

»

--------------------------------------------------
---------------------------------------
-----------
LE
aa,
a,
L
.
‘e

AR

» X7

update equation for a point x=(x,,x,)

x'=x—aVL

OB
. (9:13‘1
Ol sE

Oy

Stop at a local minima where VL = 0 5-38



Multi-variate functions

Gradient Descent

Example: for a function of two variables
 L(x,x))

»

X sensitivity to initialisation !!

5-39



How to Set Learning Rate a?

x'=x—aVL

If o too small, too many L(x) 1
iterations to converge

N
X
If oo too large, may L(x) 1
overshoot the local
minimum and possibly
never even converge
5 S o o X
x(4) x(2) x(1) x(3)



Variable Learning Rate

If desired, can change learning rate a at each iteration

k=1 k=1
x(1) = any initial guess x1) = any initial guess
choose a,, € choose &
while o|[VL(x()|| > & | while a|[VL(xW)|| > &

x(+1) = x (K) - g, VL(x(K) choose ok

K=K+ 1 x(k11) = x 09 - o) WL (x(K)

k=k+1
fixed a variable a

gradient descent gradient descent



Learning Rate

Monitor learning rate by looking at how fast the
objective function decreases

L(x)

very high learning rate

low learning rate

high learning rate

wning rate

number of iterations
or time



Learning Rate: Loss Surfa

(1ITIERRREREE

ce lllustration




Back to

Loss Functions
and

Loss Optimization



Training Perceptron - First Attempt

single example loss

W — arg min Z L(yij[f(w,xi)})

prediction on example x!

\ 1Etrain
J
|

L(w)

total loss

vector representation of w

Consider perceptron:  f(w,x) = u(W7TX) WT = [wo, Wi, ..., W]

T
X' =[1,X1,X9, .y X ]
Iverson
brackets

Classification error loss: L(y,f) = |y # f]

homogeneous representation of x

perceptron’s prediction
on example x'

= LW) = Y [y AW’ X’
\iEtrain |
|

classification error counts
since both y', u € {0,1}




extreme case of (so-called) vanishing gradients

Zero Gradients Problem

Classification error loss function L(W) 1s piecewise constant:

+ L(W) error count loss

——
1

l - > W
Y
(optimal weights)

NOTE: 1n this case gradient VL 1is always either zero or does not exist

“error count” loss function cannot be optimized via gradient descent



Work-around for Zero Gradients

Perceptron: f(w,x") = u(W'X") ~ o(W'X")
approximate decision function u using its softer version (relaxation)

u(t) - unit step function
1 (a.k.a. Heaviside function)

O(7) = u(t
(?) (7) 6(?) - sigmoid function

1
t t) =
: S A =y




Work-around for Zero Gradients

Perceptron: f(w,x") = u(W'X") ~ o(W'X")
approximate decision function u using its softer version (relaxation)

R u(t) - unit step function

1 (a.k.a. Heaviside function)
=01, A=y 6(?) - sigmoid function
1
’ o(t) :=
’ g (t) 1 4 exp(—t)

Relaxed predictions are often interpreted as prediction “probabilities”
Pr(x' € Classl | W) = o(W'X?Y)
Pr(x' € Class0 | W) 1 —o(WhX") = o(-W'X")



Training Perceptron - Second Attempt

Perceptron approximation: f(w,xi) = u(WTXi) ~ J(WTXi)

y € 10,1}
o
Classification error loss: Ly, a)=1y % 0]

now makes no sense at all

relaxed decision function (sigmoid)

never returns exactly 0 or 1

To be able to use 1
gradient descent we
need to “soften” both 0

the decision function
and the loss function o (1) 1




Quadratic Loss

Perceptron approximation: f(w,x") = w(W'X") ~

y € {0,1}

: : l 2
Consider quadratic loss: L(y,o0) = (y — o)

!

NOTE: A 6(0

Loss L(y,c(W' X)) 1
1s now differentiable
with respect to W 0

because L(y,o) 1s
differentiable w.r.t. O

oW X"



Quadratic Loss

Perceptron approximation: f(w,xi) = u(WTXi) ~ J(WTXi)

y €{0,1}
. : l 2
Consider quadratic loss: L(y,o0) = (y — o)

(y' —o(W'X"))

misclassified example



Quadratic Loss

Perceptron approximation: f(w,x") = w(W'X") ~
y € {0,1}
|

Consider quadratic loss: L(y,0) = (y —0)?
A 6(t)

(y) = o(W'X7))

[y

0

WTXx7 <0
y’ =1

another misclassified example

oW X"



Quadratic Loss

Perceptron approximation: f(w,xi) = u(WTXi) ~ J(WTXi)

y €{0,1}
. : l 2
Consider quadratic loss: L(y,o0) = (y — o)

(y) = o(W'X7))

NOTE:

loss function encourages W s.t. , .
correctly classified points are moved WTX J WTX ’
further from the decision boundary, yj — () yZ — 1

te. W'X'>0 and W7TX’ <o. -
© > < correctly classified examples



Quadratic Loss

Perceptron approximation: f(w,x’i) = u(WTXi) ~ J(WTXi)

Consider quadratic loss: L(y, 0) = (y — 0 )2

approximation for
perceptron’s prediction
on example x'

Total loss = L(W) = Z (yi—[cf(WTX'Li)2

1E€train
1 ]

|

Sum of Squared Differences
(SSD)




(binary case)

CFOSS-EntrOpy LOSS (related to logistic regression 10SS)

Perceptron approximation: f(w,xi) = u(WTXi) ~ J(WTXi)

Consider two probability distributions
over two classes (e.g. bass or salmon) :  (y,1—y) and (o,1—0)

bass salmon ‘

Pr(x' € Classl |W) = o(W'X")
Pr(x" € Class0 | W)

1 —o(W'X")

Distance between two distributions can be evaluated via cross-entropy
(equivalent to KL divergence for fixed target)

From the last (optional) part of topic 9B: H (pa Q) = E Pk In qk
k




(binary case)

CFOSS-EntrOpy LOSS (related to logistic regression 10SS)

Perceptron approximation: f(w,x’i) = u(WTXi) ~ J(WTXi)

Consider two probability distributions
over two classes (e.g. bass or salmon) :  (y,1—y) and (o,1—0)

bass salmon

(binary)
Cross-entropy loss: | L(y,0) = —-ylno - (1-—y)ln(l-— o)

Distance between two distributions can be evaluated via cross-entropy
(equivalent to KL divergence for fixed target)

From the last (optional) part of topic 9B: H (pa Q) = E Pk In qk
k




(binary case)

CFOSS-EntrOpy LOSS (related to logistic regression 10SS)

Perceptron approximation: f(w,x’i) = u(WTXi) ~ J(WTXi)

Consider two probability distributions
over two classes (e.g. bass or salmon) :  (y,1—y) and (o,1—0)

bass salmon

(binary)
Cross-entropy loss: | L(y,0) = —-ylno - (1-—y)ln(l-— o)

Each data label y provides “deterministic” distribution (y,1 —y) thatis
either (1,0) or (0,1). This implies an equivalent alternative expression:

B —Ino ify =1
Liy,o) = { —In(1—-0) ify=0




(binary case)

CFOSS-EntrOpy LOSS (related to logistic regression 10SS)

Perceptron approximation: f(w,x’i) = u(WTXi) ~ J(WTXi)

Consider two probability distributions
over two classes (e.g. bass or salmon) :  (y,1—y) and (o,1—0)

bass salmon

Total loss: Z (—yian(WTXi) — (l—yi)ln(l—U(WTXi)))
tEtrain
= | LW) =- > hoW'X") - > hl-ocW'X")
1€train 1€train
y' =1 y =0 ,

|
\ J

|
sum of Negative Log-Likelihoods (NLL)




Towards Multi-label Classification

Remember: basic perceptron U(WTX)

@__.

()0 .
@——»@% W+X lor0
Kppfg— L label
@eighted binary

@ sum  decision

binary classification



Towards Multi-label Classification

Remember: “relaxed” perceptron 6(WTX)

(Xp)—+—
SR

Xy —

L8 W

eighted binary

decision

oc(WTX)elo,1]
probability
distribution

binary classification

not bass



Towards Multi-label Classification

. . . This j
use K linear transforms W, and sigmoids 6( WTX) mutually ;Soised f;or
-CXcClusive
L Categorieg
WX

o(Wi X) € [0,1]
ﬁ
“probability”

of class 1

o(W4iX) e0,1]
ﬁ
“probability”

of class 2

o(W3 X) € [0,1]
“probability”

of class 3

multi-label classification

Such “probability scores” 6, ©,, ..., O over K classes do not add up to 1



Common Approach: Soft-Max

use K linear transforms W, and soft-max O (WX )

This 1s used for
mutually exclusive
categories
(only one can be true)

(61,02,...,0K)
< re
probability
some form of

normalization distribution

< basssalmon sturgeon

multi-label classification

Notation: K rows of matrix W are vectors W, so that vector WX has elements W, X



Soft-Max Function & : R® — Ax

Example: i
(" expal ) o exp(—3)
(0 >, expa” -3 exp(—3)-+exp(2)+exp(1)
) exp a’ , exp(2)
“ > expa® exp(—3)+exp(2)+exp(1)
1 CXP(I)
CLK K | _
o exp a | exp(—3)+exp(2)+exp(l)
K > . expa” _ _
acR S y 0.005
g(a) € Ak =1 0.7275
remember soft-max question in HW4 K 0-26 76
— . k k L -
@) = aregniy =), St - THS

Soft-max normalizes logits vector a converting it to distribution over classes



Soft-Max Function & : R® — Ax

NN Example: 7 exp WX

/ exXp al \ Zk exp WgX
k
7, S, expa /W1T s exp WT X
2
P exp a WwIx > expWlX
> expat
K e WX exp Wi X
- J eXp a ~ ~ Zk eXp WIZX
ac RK sz exp a’; WX \_ J
_ c(WX)
a(a) c Ag

(5’1,5’2, ...,O’K)

basssalmon sturgeon

Soft-max normalizes logits vector a converting it to distribution over classes



Soft-Max Function & : R® — Ax

NN Example: 7 exp WX
NOTE: >pexp Wi X
- . . (. T N T
soft-max generalizes sigmoid Wi X exp W5 X
to multi-.class predictions. Ipdeed, W2T D% >, exp WkT X
consider binary perceptron with scalar

linear discriminator WX (e.g. for class 1) e l=

T T
c(WTX) = 1 WLx exp Wi X

sigmoid 1+e WX - - > pexp Wi X

_ e ( WX ) = /

—WTX WX -
class 1 output of soft-max for : o (WX )

a combination of two linear predictors:
WX for class 1 and - %W TX for class —1 (class 0)

. (5’1,5’2,...,5’[{)
Home exercise: prove that soft-max classifier (W X)

for K=2 (so that W has two rows Wi, W3)
is equivalent to sigmoid classifier o((W> — W;)X)

basssalmon sturgeon

Soft-max normalizes logits vector a converting it to distribution over classes



(general multi-class case)

Cross-Entropy Loss

K-label perceptron’s output: 0 (WX Z) for example X" f-th

Multi-valued label y* = k gives one-hot distribution ¥° = (0, 0@ 0,...,0)

Consider two probability distributions
over K classes (e.g. bass, salmon, sturgeon) : y’i and ((_717 02,03, .- UK)

N

Pr(x' € Classk| W) = & (WX")

basssalmon sturgeon

Cross entropy
Totalloss: L(W) = Z Z—}_’Zlﬂf_fk(WXi)

‘Ctrain K NOTE: same as
Seed Loss
= L(W) - Z WX Z) in interactive
1Etrain segmentation
(Topic 9B, slide 13)

sum of Negative Log-Likelihoods (NLL)



soft-max VS arg-max

Multi-label (linear) Classification

Define K linear transforms, from features X to K “/ogits”
logit, (X)=WIX for k=1,2,...K

e arg-max assigns X to class k corresponding to the largest logit
arg m]?,X{W,;‘FX}

* Let R, be decision region for class &k

all points X assigned to class k by arg-max R
® 1l o °
B - wix>w,x ° R,
soft-max o{ W, X } softens WIX > W)X WIS WX
hard arg-max predictions WX > W, X
similarly to how sigmoid ° -
softens unit-step function \J
o . . o WX > WX
icticker (Q: identify points X with soft-max prediction ° R, ° o
3

A:(1,0,0) B:(0,%,%) C: (%, %, 0) D: (%,%,%)



Summary
Multi-label (linear) Classification

Can be shown that decision regions are convex, spatially
contiguous, with linear boundaries between any two classes

Limitation of single layer NN
(perceptron)

slide credit: O.Veksler



Towards

Multilayer Neural Networks



Remember:

Single layer multi-class NNs

oc(WIX)elo,1]

“proEability score”

for class 1
oc(WLX) e [0,1]

“probability score”
for class 2

oc(Wi§X)elo,1]

“probability score”
for class 3




Remember:

Single layer multi-class NNs

X E Iﬁ(0170-27...7O-K)E
“probability scores”
(no normalization)
_f'_> computed by K perceptrons
"W - we will use notation
' - Wi Waoem)
Notation: Kx(m+1) matrix W =
Tt emphasizing
I size of output and input
i WK | lz'eo. Ou.p-u an 1n[3u
while implicitly assuming
T k k k 1 one extra dimension for bias
where rows are Wk _ [WO s Wiy ey Wm] and 1 in homogeneous input

“bl'aS”

feature vector (input) X' = 1,X1,X2, ...y Xpn]
homogeneous representation of
m-dimensional feature vector x



Remember:

Single layer multi-class NNs

o> ]
wlx
W -_’._> (01,02,...,0K) E
'.‘ “probability scores”

(no normalization)
computed by K perceptrons,
that is, sigmoid function
applied to linear transform W, ., X

ution
(normalized)
computed by soft max function
applied to linear transform W/, ,,, X

WO J _ _ _
(61,02,...,0K) €
VX 5 -_>.—> “probability distrib
<>




Remember:

Single layer multi-class NNs

|

K
sigmoid “probability scores”
non-linear . (
oot linear transforms
soft-max

|

x ¢ RE

“probability distribution”
(normalized)




Multi-layer NNs ?

Motivated by neurons, can we link perceptrons?

|

K
sigmoid “probability scores”
non-linear . (
oot linear transforms
soft-max

|

x ¢ RE

“probability distribution”
(normalized)




Multi-layer NNs ?

Motivated by neurons, can we link perceptrons?

@

® sigmoid “probability scores”
non-linear . (
functions linear transforms this output can be treated as
soft-max transformed feature vector
K
x € R

“probability distribution”
(normalized)



Multi-layer NNs ?

Motivated by neurons, can we link perceptrons?

@

® sigmoid “probability scores”
non-linear . (
functions linear transforms this output can be treated as
soft-max transformed feature vector
K
x € R

“probability distribution”
(normalized)



Multi-layer NNs ?

Motivated by neurons, can we link perceptrons?

NOTE: 1n the 60’s the 1dea of multi-layer NN was discredited by
one (now notoriously famous) book based on their conjecture that
a combination of linear classifiers can not produce a non-linear one.

o (WismX) m 7 (WisnX) ﬂ
x € R™
. output
input probability vector

feature vector (over K classes)

transformed
feature vector

due to non-linear decision function (e.g. O)
this feature transformation is non-linear




Multi-layer NNs ?

Motivated by neurons, can we link perceptrons?

NOTE: 1n the 60’s the 1dea of multi-layer NN was discredited by
one (now notoriously famous) book based on their conjecture that
a combination of linear classifiers can not produce a non-linear one.

o (WismX) m 7 (WisnX) ﬂ
x € R™
. output
input probability vector

feature vector (over K classes)

transformed
feature vector

(_7(\WK><nJ(Wn><mX),) = 5-(WI/(><m)(,>

there is no equivalent
linear transformation

. Y [ ] [ ) o
this feature transformation is non-linear




Multi-layer NN: Nonlinear Boundary Example

First, consider two single-layer perceptrons (each is a linear classifier) :

—2X1+x,—2>0 = class 1 X; -2%x,—2 >0 = class 1

unit step

N ~
% X A2 O
X ¢ S X ® o ‘\x
/1 o 2 %
/e 24 v x
X1y %



Multi-layer NN: Nonlinear Boundary Example

Combine the same two perceptrons inside 2-layer NN
iClicker Q:
what does
layer 2 do?

A: multiply
B: plus
C: and
D: or

XI\0 ©

®

®9
0/4
K
< Xl % %

non-linear boundary
between two classes




Multi-layer NN: Non-Linear Feature Embedding

input on-linearly

feature vector transformed
feature vector

new “embedding”
of the features

probability vector
(over K classes)

Interpretation:

 layer 1 maps input features to new (transformed) features
* layer 2 applies linear classifier to the new features



Multi-layer NN: Non-Linear Feature Embedding

consider our earlier two-layer NN example:

linearly separable features
can’t separate linearly in the new “embedding space”
in the original feature space

NOTE: unlike our kernel approach in topic 9
now we might learn such embeddings!




Multi-layer NN: Activation Functions

In the interior (hidden) layer, non-linear decision function is
now called activation function (representing neuron “activation’)

* u() — step function does not work
for gradient descent
* O() - sigmoid function allows

gradient descent

NOTE: activation functions do not need to make (-1 decisions
e RelLU() - Rectified Linear Unit is popular

- the simplest kind of non-linear function (2-piecewise linear)

- gradients do not saturate for positive half-interval |

- must be careful with learning rate, otherwise many

units can become “dead”, i.e. always output O



Multi-layer NNs

ul layer 1 layer 2 layer 3
(Wi sxmX) ReLU (W s X) m 6 (Wixmr X) ]
- / m// decisions 1%
x e R™ x € R™ x € R x e€R
input layer 1 la.yer.2 layer 3
activations activations activations

* non-linear classification

* non-linear feature embedding (new features)

* optimization w.r.t. weights W by backpropagation
(gradient w.r.t. different layers is computed via chain rule)
[Rumelhart, Hinton, Williams 1986]

 automatic differentiation ©



Toy (scalar) illustration of backpropagation OPTigy,, <
i.e. chain rule for gradient descent updates of NN weights LIDE

- L

layer 1 layer 2 layer 3
fi(wiz) fo(waar) m J3(wszaz) i
— decisions 1
r e RL a1 € R as € R az €R
input layer 1 layer 2 lgyer.3
activations activations activations
Assume: scalar weights, scalar activation functions, scalar loss L(y, f) = L,(f)
w1, W2, W3 f17 f27 f3
as a2 aj
A

Scalar NN model (composition function)
Optimization of loss

Fo(ws Ta(wa Fr (12)))
l(wy, w2, w3) = Ly(fS (ws fo(wa fi(wix))))

Rl |
Swn — Luf é@ Backward pass updates weights
’ ol 0l w;1 f]a;
ol using part. derivativ = LI Tl plied b
;o / sing part. derivatives plied by

Ows — Ly 3|3 f2 Ow; Ow;41 Qs the chain rule

ol ' Forward pass updates activations

=| L. fiws filws fi

3w1 yJ3 W3J2(W2J1

a; = fi(w;a;_1)




Training/Optimization Protocols

Liw) = 3 Ly f(w,x))

1Etrain

e “Full” Gradient Descent Protocol
e weights are updated only after all training examples are processed (epoch)
e now days training sets are typically so large that this is not practical

e Batch Protocol
e Divide data in batches, and update weights after processing each batch
e Batches are chosen randomly (Stochastic Gradient Descent)
- empirically, known to work better than fixed ordering
e Weighs get changed more frequently than “full” gradient
- may be less stable, often requires smaller learning rate
- helps to prevent over-fitting in practice, think of it as “noisy” gradient
e One iteration over all batches is called an epoch



Network Size

e Larger networks are more prone to overfitting

3 hidde neurons 6 hidden neurons 20 hidden neurons

slide credits: O. Veksler



Network Parameters Regularization

e Less overfitting for sparser/simpler network with less units

e Works better by adding weight regularization &HwHZ to the loss
2

A =0.001

A=0.01

® @

® @

© @

e During gradient descent, subtract Aw from each weight w

intuitively, implements weight decay

slide credits: O. Veksler




